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Abstract

The bialternate product of matrices was introduced at the end of the nineteenth century
and recently revived as a computational tool in problems where real matrices with conjugate
pairs of pure imaginary eigenvalues are important, i.e., in stability theory and Hopf bifurcation
problems.

We give a complete description of the Jordan structure of the bialternate product 2A® I,
of an m X n matrix A, thus extending several partial results in the literature.

We use these results to obtain regular (local) defining systems for some manifolds of
matrices which occur naturally in applications, in particular for manifolds with resonant
conjugate pairs of pure imaginary eigenvalues. ‘

Such defining systems can be used analytically to obtain local parameterizations of the
manifolds or numerically to set up Newton systems with local quadratic convergence. We give
references to explicit numerical applications and implementations in software. We expect that
the analysis provided in this paper can be used to further improve such implementations.
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1 Introduction

The study of matrix manifolds presents interesting mathematical features (18], [2]) and also leads
to numerical applications; we cite [8], [9] among a long list of publications. Recently an interest
emerged in manifolds of (real) matrices with one or more conjugate pairs of pure imaginary eigen-
values, and generalizations of this setting, see [6], [7]. This leads to a combination of bialternate
matrix product and bordered matrix methods. In [6] some analysis of the Jordan structure of the
bialternate product matrix is given and the regularity of the obtained defining systems is discussed
in a particular situation. We go further by describing the complete Jordan structure and proving
the regularity in a more explicit way (in [6] the choice of two among four equations is essentially
left unresolved so that the numerical code has to decide this choice by an optimization step). The
present approach therefore has a potential for further applications in computational work.

The origins of the notion of a bialternate product go back to the paper [17] of Stéphanos (1900);
Stéphanos’ term is “composition bialternée”. An extensive treatment is given in [3]; bialternate
products were considered in (11}, {12] and [13] to compute Hopf bifurcations; their importance for
multiple Hopf was established in [6].

Since we are interested in complex eigenvalues and since the complex Jordan normal form of a
matrix is somewhat simpler than the real form, we prefer to formulate the results first for general

*Fund for Scientific Research F.W.O. Department of Applied Mathematics and Computer Science, University
of Gent, Krijgslaan 281 - S9, B-9000 Gent

tDepartment of Applied Mathematics and Computer Science, University of Gent, Krijgslaan 281 - 59, B-9000
Gent



complex matrices. In this way we avoid some awkward notational problems. However, when
applied to real matrices (the case that is important in the applications) all matrix constructions
that we consider will again yield real matrices. Also, the rank of a real matrix (over the real
numbers) is the same as its rank as a complex matrix (over the complex numbers). Hence the
results that we obtain on geometric multiplicities of eigenvalues, in particular in Propositions 11
and 12 hold also for real matrices.

2 Basic properties of the bialternate product of matrices

We briefly recall the definition of the tensor product of two matrices (e.g., [15]). Let {e; : 1 <4 < n}
be the canonical base of unit vectors in €. The tensor product €’ ® €' is the space €' * with formal
base {e; ®e; : 1 < i,j < n}. Ifz=37 ze € C,y=737, %6 € C then we define
TQY=D 11 ) 5y Tijei B €; € €. The mapping (z,y) — = ® y is clearly bilinear.

Two matrices A, B € C*" can be identified with linear mappings €* — C'. The tensor

product A® B € € *"* is then defined as the linear mapping from @ @ € into itself for which
(A® B)(er @ €1) = Aer, ® Bey = EZJ’:I aixbji(e; ® e;). It is easily seen that

(A® B)(z®@y) = Az @ By (2.1)

for all z,y € €. Denoting by (A ® B)( )k, the (e; ® e;)— component of (A ® B)(ex ® &1) we
have
(A® B)i,j), (k1) = ikdjt. (2.2)

Proposition 1 Let A, A;, As, B,B1,Bs € C*". Then
1. AQ (By+B2)=A®B;+ AQ® Ba.
2. (A +4)®B=A1®B+ A, ®B.
9. (A1 ® B1)(As ® Bz) = (A142) ® (B1Ba).
4. In @ I, = L2
5. If A, B are non - singular, then so is AQ B and (AQ B)™' = A~ ® B~L.

Proof. Obvious from (2.1).
There exists a natura)] linear mapping o : €' ® €' — €' @ " defined by

ole;®e;) =e;Qe;(1<i,j<n) (2.3)

Clearly ¢ is an involution, i.e., 02 = Irgr and one has o(z ® y) = y @ z for all z,y € € and
0(A® B) = (B® A)o for all A,B € C*".

The spectrum (set of eigenvalues) of o is remarkable. For every pair of indices (4,7) with
1 < 14,7 < n we define the vectors

Gij=e.®ej —e; Qe
M =e; Qe+ e; Be;.
We denote by E, and E, respectively the subspaces of €* ® €' spanned by all vectors of the
form (;;, respectively 7;;. Then the following holds.

Proposition 2 The operator o has two eigenvalues, namely the eigenvalue —1 with algebraic
and geomnetric multiplicity ES"T"D- and the eigenvalue +1 with algebraic and geometric multiplicity
ﬂ%ﬂ—l. The eigenspace corresponding to —1 is E, and has a base consisting of all vectors (;;(n >
i > j > 1); the eigenspace corresponding to +1 is Es and has a base consisting of all vectors
mj(n>i>32>1).



Proof. Easy. -
Let A, B € **™. We define the bialternate product or biproduct matrix by

1
A0B=3(A®B+B®A) (2.4)

Some properties of bialternate products are immediate.

Proposition 3 Let A, B, By, By € C*". Then
1. A©B=B0OA.
A®(By+B)=A0®B1+AQ Ba.
AOA=A®A
If A is non - singular, then sois A® A and (AQ A)"'=A"TO A

AT T S

d(A® B) = (A® B)o.

Proof. The first four claims follow immediately from (2.4). The last one follows from ¢(A ©
B)=310(A®B+B®A)=$(B®A+ AQ® B)o = (AG B)o. -

Proposition 4 For every A,B e C X" the spaces B, and Eg are invariant subspaces of A® B.

Proof. If f € E, then 6(A®B)f = (A®@B)of = —(A®B)f, ie., (A® B)f € E,. The proof
for F; is similar. -

For our purposes only the restriction of (A ® B) to E, is important. For the numerical
applications we need a representation of this operator with respect to a suitable base of F,. From
Proposition 2 it follows that (;;)i>; is such a base. The representation of A® B is then given by
the following Proposition (see [17]).

Proposition 5 With respect to the base (Cij)i>; the restriction of A® B to Eq is represented by
} (2.5)

Proof. By a straightforward computation. -
Convention. With an abuse of notation we will from now on identify the linear operator repre-
sented in the canonical base by A ® B with its restriction to the invariant subspace E, and take
the matrix representation on this invariant subspace in Proposition 5 as the standard one.

The special case of a bialternate product of the form 24 ® I, is so important that we simply
call it the bialternate product of A. From Proposition 5 we obtain its explicit form. We find

1

b; b;
(AO B)),kn = 3 { koo

Qi Q41

Qi Q4]
bik by

—ajl 1fk)=]
ik ifk#iand =37
a;+aj; fk=diandl=j

(240 In)(i.g), (k) = o ik —iand ] (2.6)
—Qjk ifl=1
0 else

One checks easily that (24 © I,)T = (24T © I,,).



3 The Jordan structure of the bialternate product matrix.

A remarkable property of the bialternate product matrix is that its eigenvalues and Jordan struc-
ture are completely determined by those of the original matrix. We shall indeed prove that if
A and B are similar, then so are 24 ® I, and 2B ® I,,. To be precise, we have the following
Proposition.

Proposition 6 Let A, B € C*" be two similar matrices and P a non - singular matriz such that
B = PAP-'. Then P® P is non - singular and

(POP)2AQL)POP) ' =2B0OI,,

Proof. By Proposition 3 P © P is non - singular. So it is sufficient to prove that
(POP)2AGIL,)=(2BOL)POP)
The left hand side in this expression is the restriction to E, of
(PRP)A®RI,+I,® A)=PA® P+ PQ® PA.
The right hand side is the restriction to Eq of
(PAP~'®1I,+ I, PAP')(P® P)=PA® P+ P®PA.

Since both sides are equal the result follows. B

Ifv,w €  then clearly w®v—v®w € E,. Furthermore, with respect to the basis ({ij)n>i>j>1
defined before Proposition 2 we have w @ v — v @ w = Y, 55451 (Vjwi — viw;)(ij. We set Np =
n(n — 1)/2 and introduce the following definition.

Definition 1 Let v,w € €. The wedge product of v and w is the vector v Aw € @ with
components (V Aw);; = vjw; —v;w; (n>i>35>1)

We can visualize the components of v A w as determinants of 2 x 2 blocks in the n x 2 matrix
with columns v,w. Formally, v A w is the representation of w ® v — v ® w with respect to the
canonical base of E,.

Obviously, the wedge product v Aw is linear with respect to both v and w and vanishes if and
only if v, w are linearly dependent. It is anti - symmetric (v Aw 4w Av = 0) and is determined up
to a scalar multiple by the two - dimensional space that contains v, w. Conversely, if it is nonzero,
then it defines this space completely.

Proposition 7 If (v;)5_,, k < n, are linearly independent vectors in €', then (v; Av;)1<j<i<k are
linearly independent in €. In particular, if k = n then they form a base of .

Proof. First assume that k = n and let e; denote the 4 -th unit vector in €' (1 < i < n). Since
every e; is in the span of the (v;)1<i<n it follows that each e; Ae; (1 < j <4 < n) is in the span
of the v; A v;. Since the e; A e; obviously form a base for €@ the result follows.

The case k < n then follows from the fact that a linearly independent set of vectors can be
extended to a base. B

We now prove the basic relation between bialternate product matrices and wedge products of
vectors.

Proposition 8 Let A,B € C*" and v,w € C'. Then
(AOB)(vAw) = —;—(Av A Bw — Aw A Bv) (3.7

In particular,
RAGL)vAw)=AvAw+vAAw (3.8)



Proof. We provide a proof in the canonical base of Eg; a coordinate - free proof can also be
given easily. Let i,7 be integers with n > i > j > 1. Then [(24 © B)(v A w)];;

= Lnsk>i>1(0icbj — aabjr + ajibix — ajeba) (viw — viwy)

= Znski>1(0ibj + ajbix) (viwy, — vewr)
= (Bv);(Aw); — (Bw);(Av); + (Bw)i(Av); — (Bv)i(Aw);
= (A'U A Bw)i,j — (Aw A B'U)i,j.

This implies the Proposition. 8
We note that (3.7) completely defines A ® B. The next result is well - known.

Proposition 9 Let A € C*" and let Ay, Az be eigenvalues of A with corresponding eigenvectors
v1,Va. If vy, vy are linearly independent then vy Avg is an eigenvector of 2AG I, for the eigenvalue
A1+ Ag.

Proof. By Proposition 8 we have (240 I,)(v1 Ave) = Avi Avg— Avg Av1 = Av1 Ava — Agv2 Aty
= ()\1 + /\2)(1)1 A ’2)2).
We now consider the Jordan structures in more detail. We need the following definition.

Definition 2 For 1 <1< ny < ng, we define C(ny,n2,1) as the I xI matriz whose (i, j) - th entry

is the binomial coefficient ("”’"2_2%) with the understanding that this entry vanishes if ng —l+1—j
is not in the range [0,n1 + ng — 21]. ‘

ny—l4+i—j

We note that with this definition the diagonal elements of C(n1,n9,!l) are never zero. We will
need the following result.

Proposition 10 Every matriz of the form C(ny,ng,1) (1 <1< ny) as defined in Definition 2 is
nonsingular.

For a proof we refer to [16], §1.3, Example 4 where a more general result is obtained. In [6] the
special case n; = ng is proved by a direct argument.

Proposition 11 Let A € C*" and let A1, A2 be two eigenvalues of A that belong to different
Jordan blocks with dimensions ny and no respectively with 1 < ny < ng. Then the matriz 2A0 I,
has ny Jordan blocks for the eigenvalue Ay + Az, one each of size 1 +mnp —n1, 3+nz —m, ...,
9n; — 1 +ng —ny, corresponding to this eigenvalue pair (total algebraic multiplicity of A + Az for
this eigenvalue pair : ning).

Proof. For simplicity of notation we prove this in the case n; = 4, ny = 6, the generalization
being obvious. Let v1,...,vs be the generalized eigenvectors associated with Aq, i.e., (A~ I,)v; =
vi_1 fori=2,3,4 and (A— A1 L,)vy = 0. Let w1, ..., ws be the generalized eigenvectors associated
with Ao in the same way. The generalized eigenspace of the eigenvalue A; + Ag has dimension
ning = 24 and is spanned by the vectors Vj; = v; Aw; where 1 <1< 4,1<j< 6 (the linear
independence of these vectors follows from Proposition 7). It is convenient to order them as follows

Vis
Vae Vas
Vas Vas Vg
Vis Vas Vaq Vas
Vis Vaa Va3 Vaz (3.9)
Via Vas Vao Va
Vis Vaz Va1
Via Va1
Vi



The picture illustrates the action of B = (24 ® I,) — (A1 + A2)In, on the generalized eigenspace
of A1 + \g since V;; is transformed into Vi1 ; + V; ;-1 with the convention that such a vector
vanishes if it is not in (3.9). If B acts p times on a vector in (3.9) then the resulting vector is a
linear combination of vectors p rows down in (3.9); by induction we have

14
BV =Y (1;) Viepgrjor- (3.10)

r=0

Now denote
Ey = Span {V;|i +j =k}

for k= 2,3,...,10.

Clearly B has four linearly independent singular vectors, namely V11, Viz — Va1, Viz — Va2 + Va1
and Vig — Vog + Vag — Vi1 in Ea, E3, Ey4, Es respectively.

Now B!2—2k ig g linear map from Fia_ to Ey for k = 2,3,4,5. The result follows if these
maps are all onto. From (3.10) we can compute an explicit representation of B'2-2k in terms of
the basis Vs—k.6,- - ., Vas—k Of E12_ and the basis V1 4—1,...,Ve—1,1 of Ex. One finds

12—-2k

_ 12 — 2k
B2V, jin = ) ( - )V—7+k+j+r,7-j—r
r=0

for j = 1,...,k — 1. By requiring that -7+ k+j+r =4,ie r=7—k+i—j, we find that

that B'2-2* is represented by a matrix whose (4, ) - th entry is (,37 _13';) = (1 +le ;) where we

have set | = k — 1. So B2-2* ig represented by the square matrix C(4,6,1)T. Since this matrix is
nonsingular by Proposition 10, the proof is complete.

In Proposition 11 it does not matter if Ay, Az are equal or not. If another pair of Jordan blocks
leads to the same eigenvalue sum A; + Az then this eigenvalue of 24 © I, simply has the two
collections of Jordan blocks; there is no interaction since the respective generalized eigenspaces
have only the zero vector in common.

The case of eigenvalues within the same Jordan block must be considered separately.

Proposition 12 Let A € C*" and let A be an eigenvalue of A in a Jordan block with dimension
k. Let vq,...,vx be a base of the generalized eigenspace that corresponds to A, i.e., (A — A)vg =
Vge1y- -5 (A = AN)vy = 0. Then

1. If k = 21,1 > 1 then the matriz 2A © I, has I Jordan blocks for the eigenvalue 2A. The
vectors v1 Avg, V1 AUy — V2 AV3, ..., V3 AV — V2 Avg_1 + ...+ (— 1)1y A vpgy are
linearly independent eigenvectors of 2A © I, and correspond to Jorda,n blocks with sizes
41 — 3,41~ 17,...,1 respectively.

2. Ifk=2l41,1 > 1 then the matriz 2AQ I, has | Jordan blocks for the eigenvalue of 2AQ I,.
The vectors vy A v, v1 Avg — Vg A V3, ..., V1 AUy — V2 AvVg—1 + ...+ (— Do A vy
are linearly independent eigenvectors of 2A © I, and correspond to Jorda.n blocks with sizes
4l — 1,41 —5,...,3 respectively.

Proof. We will prove the first statement in the case [ = 4; the same argument applies for
other values of [ as well.

The generalized eigenspace corresponding to 2A has dimension 1;—‘§ = 28 and is spanned by
the vectors V;; = v; Av; with 1 <4 < j < 8 (these vectors are linearly independent by Proposition



7). It is natural to order them in the following scheme

Vas
Ves
Vss Ver
Vas Va7
Vas Var Vse
Vas Var Vas
Vis Var Vae Vas (3.11)
Vir Vas Vas
Vie Vas Va4
Vis Vaa
Vig Vas
Vis
Viz

The action of B = 24 ® I, — 2\Iy, on the vectors Vi; can be read form (3.11) since this matrix
transforms V;; into V;—1,; + Vi,j—1 with the convention that vectors not represented in (3.11) are
zero.
Let us define
E, = Span {V;;|i + j = s}

for s = 3,...,15. It is clear that Vi3 € Ej3, V14 — Vas € Es, Vig — Vas + Vag € E7 and Vig — Vor +
Vag — Vas € Eg are null vectors of B. ‘

The result follows if we prove that that B'? maps Ei5 onto F3, B® maps Ey3 onto Es, B4
maps Fi; onto E7 and Iy, maps Eg onto Ey. We will prove the result for the case of B8 acting
on Ei3, the other cases being similar.

Fori = 1,...,4 let ¢; be the number of downward paths in (3.11) that connect Vg with Vi o4,
or, obviously equivalently, V;9—; with Vi4. Similarly, let d; be the number of downward paths in
(3.11) that connect Vg7 with V; o, or, obviously equivalently, V; g—; with Vo3. With respect to
the basis vectors in (3.11) B* as a map from E3 to Eg is represented by the matrix

ca d

. Co dz

M, = c3 ds
C4 d4

We note that M, has full rank 2 because B is one - to - one on s, E45, Eyq and Eqg. Furthermore,
with respect to the basis vectors in (3.11) B* as a map from Fjy to Ej is represented by the matrix
MJ. Hence, with respect to the basis vectors in (3.11) B® as a map from E3 to Fs is represented
by the matrix M] My; since My has full rank, so has MF M, by elementary linear algebra.

The second statement can be proved similarly.

If there are two Jordan blocks with the same eigenvalue then Proposition 12 applies separatel?
to each block. The eigenvalue 2\ of 24 @ I, simply has the two collections of Jordan blocks.
There is also an interaction between the blocks which is described by Proposition 11, leading to
still more Jordan blocks for the eigenvalue 2X. This obviously generalizes easily to any number of
pairs of Jordan blocks with the same eigenvalue sum.

Since (24 © I,)T = (24T © I,) all results cbtained in Propositions 11 and 12 concerning the
right eigenspaces of 24 ® I, carry over to the left eigenspaces, using left eigenvectors of A instead
of right eigenvectors. A left eigenvector p of A for the eigenvalue A is a nonzero vector such that
pH A = Xp¥ where pf denotes the conjugate transposed vector, cf. [4], §7.1.1.



4 Hopf bifurcations and zero - sum eigenvalue pairs

In Hopf bifurcation problems we are interested in the question whether a real matrix A has a
conjugate pair of pure imaginary eigenvalues Fiw,w > 0. From Proposition 11 we infer that in
this case 24 ® I,, has an eigenvalue iw — iw = 0, i.e., 2A ® I, is a singular matrix. In fact we have
the following complete result

Proposition 13 Let A € R™*". Then 2A® I, has rank defect 1 if and only if one of the following
three conditions is satisfied.

1. A has a conjugate pair of algebraically simple eigenvalues tiw, w > 0 and no other pair of
zero - sum eigenvalues.

2. A has a pair of eigenvalues A, A > 0, both with geometric multiplicity one and at least one
of them with algebraic multiplicity one; and no other pair of zero - sum eigenvalues.

3. A has eigenvalue 0 with geometric multiplicity 1 and algebraic multiplicity 2 or 8; and no
other pair of zero - sum eigenvalues.

Proof. By a careful inspection of Propositions 11 and 12. -

To express that 24 ® I,, is singular it is not necessary to compute the eigenvalues; e.g., the
determinant of 24 ® I, is purely an algebraic function of the coefficients of A.

In fact, as in the case of zero eigenvalues of A itself (see [5]) the determinant function is usually
not a good choice. As in [5] a rank defect can be detected by a bordering techmque, however, we
have to border 24 ® I,, instead of A itself. For any choice of vectors b,c € R Mo and scalar d € R
such that the matrix

2A01I, b )

meay= (2"

; (4.12)

is nonsingular, we define g(4) € R™, s(4) € R by

a(A) \ _ ( O
M(A)( s(A) > = < e (4.13)
Now s(A) = 0 defines (locally) the matrices A for which 24 ® I,, is singular (cf [5], Propositions

4.1 and 4.2). It is useful to have also the derivatives of s(A). Let z be any variable in A. By
taking derivatives of (4.13) we find that

M( 2 >+< (2A’0®I")q ) =0 (4.14)

Sz

This allows to compute s,. If several derivatives are desired, then it is useful to solve the system
(wT(4) s(4) )M=(0F, 1). (4.15)
which is a natura] adjoint to (4.13). Multiplying (4.14) from the left with
(wT4) s(4) )

we obtain

s, +wl (24, 0L,)g=0 (4.16)
5 Defining functions for double Hopf points

Suppose that A € R™*™ has eigenvalues tiw,, iws where w; > 0, wg > 0, w; # wa. The last con-
dition is usually expressed by saying that the two Hopf pairs are not 1:1 resonant. The distinction



between the resonant and non - resonant cases is quite important in dynamical applications, see
e.g., [10], [13].

If there are no other zero - sum eigenvalue pairs then by Proposition 11 the matrix 2AQ I,
has rank defect 2. We choose B, C € RV**2 D € R?*? such that

M= (M5 3

is nonsingular at the double Hopf point. Then we define the N, x 2 matrix @Q(A) and the 2 x 2

matrix S(4) by M) ( Q(4) ) _ ( On, 2 ) (5.18)
S(A) I .

By [5], Proposition 4.1 the four entries of S(A) vanish together if and only if 24 ® I, has rank
defect 2.

The derivatives of S can be obtained in the now familar way. Define the N, x 2 matrix W(A)
by

(5.17)

( wT(A) S(4) )M(A) =( Oo,nv, 22 ) (5.19)
Then S, can be obtained from
S,(A) + WT(24,(4) 0 I,)Q = 0g0. (5.20)

We note that S(A) has four components while intuitively a double Hopf point is a codimension
2 phenomenon only (we will see that it is). So we can suspect that the four resulting equations
are not independent. We will discuss this in a somewhat more general setting but first prove a
Lemma to elucidate the meaning of (5.20).

Lemma 1 Let vy, ve,wy, ws € C and let 1 <4,j <n. Then for any matriz A € C*" we have

(w1 A wz)T(2A ® In)('Ul A ’Uz) =

21
(wT Avy) (wfog) + (W Ava)(wFv,) — (] Avg) (wFvr) — (wf Avy) (wTep). (521)
In particular,
(w1 Awz)T (v Awg) = (wTvy)(wTvg) — (wivy) (wfvs). (5.22)
If1<4,j <n and z denotes the (i,5)— th entry of A then
(w1 A w2)T(2Az ® In)(vl A ’1)2) = (5 23)
wuvlngvz — wli'l)zng’l)l — wzivljwfvg -+ wgivgjwfvl. ’
Proof. We prove (5.21); the other statements follow easily. We have
(wi Aw2)T(2A 0 L) (v1 Avg) =
T1gj<icn(Wi Awa)ij(Avi Avg + v A Avg)i; =
(by Proposition 8)
Th<icicn(Wijwa; — wojwas) ((Av1);jva; — (Avi)ivgs -+ v1;(Ave); — v1i(Ave);) =
1
§Elsi,jgn(w1jw2i — wojwy; ) ((Avy) jvas — (Av1)ivz; + v15(Ava)s — v1:(Ave);) =
(wT Avy ) (wd va) + (w] Ava)(w]v1) — (w] Avg)(wj v1) — (w3 Avi)(w] va).
B

Proposition 14 In the non - resonant double Hopf situation the four gradient vectors contained
in (5.20) span a two - dimensional space.



Proof. Let q{ + zq% denote the right eigenvector that corresponds to iw; (j = 1,2) and p{ + zp%
(§ = 1,2) be the left eigenvector. Since wi,ws are positive and not equal we necessarily have

P)Tgk =0 (j#1) (5.24)
while by an appropriate choice of the vectors we may assume
@7 =ba (7=1,2) (5.25)

By Proposition 11 24®1I, has a two - dimensional right singular space spanned by the (complex)
vectors V; = (g} +igh) A(g} —ig}) and Va = (g +iq3) A (g —iq3); its left singular space is spanned
by the (complex) vectors Wi = (p} +ip}) A (p} — ip}) and Wa = (p} + ip3) A (0} — ip3).

Now consider the four gradient vectors defined in the space of all n x n matrices by (5.20).
Obviously their span is the same as that of the four vectors WZT (24, © L,)V; for i,j = 1,2. But
by Lemma 1 and (5.24) we have WT (24,0 1,)V; = 0if i # j. So we are left with the two gradient
vectors WI (24, ® I,)V; for i = 1,2.

From (5.25) it follows that (p} +ip3)7 (qf +ig3) = 0, (p} +ip3)" (al —ia3) = 2, (p1 —ip3) (a1 +
ig}) = 2, (p} —ip3)T (g —ig) = 0. By Lemma 1 we infer that

(W (24:; © I)Vi) = —2(p} +iph)s(al —ia3); — 2(pT — ip3)i(@1 +443); =

~4(p1)i(at); — 4pb)i(a3);-

A similar formula holds of course for the other gradient vector. To prove that the two are
linearly independent, suppose that there exist o,z such that

a1 ((ph)ilal); + (p)i(h)s) + ca((PDi(ad)s + (PD)i(a3);) = 0 (5.26)
for all 4,§. Multiplying (5.26) with (g}); we find after summation over 4 that oy (qi); = 0 for all
4. This implies a; = 0. Similarly ag = 0. p

Proposition 15 For each non - resonant double Hopf matriz Ap € R™™" there erists a neighbor-
hood (in the space of all matrices A € R™*") in which the double Hopf matrices form a manifold
with codimension 2 and are characterized by the fact that 2A © I, has rank defect 2.

Proof. Let 4y = CJyC~! be the Jordan decomposition of Ag. Obviously, Jy has one - element
Jordan blocks of the form iws, iwe, —iwy, —iws. By classical matrix perturbation theory (see e.g.,
[1]), there is a neighborhood of Ag in which every matrix has corresponding Jordan blocks of the
form iwq + 6; +18g, twe + 63 + 184, —iwy + 61 — 16q, —twq + b3 — 164, where 61, 62, 03, 84 are smooth
functions of the matrix entries and vanish at Ag. Clearly, 2A ® I, has rank defect 2 if and only if
A is a double Hopf matrix if and only if §; = 63 = 0. So it is sufficient to show that é;,63 form a
regular set of functions of the entries of A, i.e., that their 2 x n? Jacobian

(61)a
( (63)4 ) (5.27)
has full rank 2 at A = Ag. Now consider the real two - parameter unfolding A(a;,as) =
CJ(a1,a3)C~! where J(a1,a2) is obtained by replacing in Jo &iw; by +iwi + a1 and tiw;
by %iws + a. Obviously the mapping (a1, a2)T — (61(A(a1, @2)), 83(A(as, @2)))T is the identity
mapping; by the chain rule for derivatives this implies that (5.27) must have full rank. B
The above result naturally generalizes to three other cases.

Proposition 16 Let Ao € R™™™ be a matriz of one of the following four types.
1. A is non - resonant double Hopf (Type DH).
2. A has a pair of algebraically simple eigenvalues of the form a+ib and —a — ib with a,b both
real and nonzero (Type RT).
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8. A has four different nonzero real algebraically simple eigenvalues —A1, —A2, A1, Az (Type
DN).

4. A has algebraically simple eigenvalues Fiw, £\ with w,A >0 (type HN)

Then there ezists a neighborhood of Agq (in the space of all matrices A € R™™™) in which the
matrices of the same type form a manifold with codimension 2 and are characterized by the fact
that 2A © I, has rank defect 2.

Proof. The first case is Proposition 15; the other cases can be proved similarly.
By Proposition 15 in the double Hopf case two of the four functions contained in the system

5(A)=0 (5.28)

where S(A) is defined by (5.18) form a defining system for the two - dimensional manifold of
double Hopf matrices near a given one. In fact, Proposition 14 provides sufficient information to
make an a priori choice based on local information in the matrix under consideration. This remark
applies equally in the three other cases described in Proposition 16.

6 Resonant double Hopf points

We now consider the 1:1 resonant case where A has double eigenvalues +iw, w > 0 with geometric
multiplicity 1. By Proposition 11 24 ® I, has eigenvalue zero with two Jordan blocks with sizes 1
and 3 respectively. Hence (240 I.,)? has rank defect 3. We define the Ny X 2 matrix Q1(4) and
the 2 x 2 matrix S;(A) by solving

Qi(4) \ _ ( Q4
M(A) ( S;((A) ) = ( 5(4) > (6.29)
where M(A) is defined as in (5.17) and Q(A), S(A) obtained from (5.18). Obviously we also have
2A0I1,)%+BCT B Q1(4) \ _ [ Ow,
(ererg e B (8w ) - (%) (630

where Bq,C; € RM*2 and D, € R?*2, Since BCT has rank at most two, it follows that (24 ©
I,)? + BCT has rank defect at least 1, so by [5], Proposition 3.2 S; is singular. On the other
hand, S; cannot be zero since then (6.29) would imply that 2A ® I, has Jordan blocks with sizes
2,2 instead of 1,3. So it is natural to add the condition

det(S,(4)) =0 (6.31)

to the conditions for double Hopf to obtain conditions for 1:1 resonant double Hopf. Before dealing
with the regularity of this system we note that the derivatives of S; can be obtained in the now
familar way. Define the N, x 2 matrix Wi(A) by

(W) Si(A) ) M(4)=( WT(4) S(4)). (6.32)
Then S;, can be obtained from
S12(A4) + W (24, © I,)Q(A) + WT (24, © In)Q1(A) = Oz.2 (6.33)

(see [6], Proposition 3.5).
Tt is convenient to deal with the regularity issue in a more general situation.

Proposition 17 Consider the following four types of matrices A e R™*™,

1. A is resonant double Hopf and the Hopf eigenvalues have geometric multiplicity 1 (Type
RDH).

11



2. A has real eigenvalues £\, X > 0, each with algebraic multiplicity 2 and geometric multiplicity
1 (Type RDN).

3. A has algebraically simple eigenvalues £\, X > 0, and eigenvalue zero with algebraic multi-
plicity 2 and geometric multiplicity 1 (Type BTN).

4. A has algebraically simple eigenvalues +iw, w > 0, and eigenvalue zero with algebraic mul-
tiplicity 2 and geometric multiplicity 1 (Type BTH).

The matrices of each type form a manifold of codimension 8 in the space of all R™ "™ matrices.
If Ao is in one of these classes then 2A¢ ® I has rank defect 2. Furthermore there exists a
neighborhood of Ao (in the space of all matrices A € R™*" ) in which the matrices for which 2A®I,
has rank defect 2 form a manifold with codimension 2. In the case of RDH this neighborhood
contains only matrices of the types RDH, DH and RT. For RDN it is RDN, RT and DN. For
BTN it is BTN, DN and HN. For BTH it is BTH, HN and DH. In each case a regular set of
defining functions for the manifold of codimension two is obtained by taking two of the functions
contained in (5.28) for which the gradient system has full rank 2. In the cases RDN and RDH o
reqular set of defining functions for the manifold of codimension three is obtained by adding the
condition (6.81). In the cases BTN and BTH one obtains a regular set of defining equations by
adding the condition s;(A) = 0 where s;(A) is obtained by solving

(& 4)05)-(%) 63

with vy € R, bs,cy € R™ and dy € R are fized and chosen in such a way that the square matriz
in (6.84) is nonsingular in the codimension three point.

Proof. We first consider the case RDN in some detail. There exist vectors vi,vs,vs,v4 and
w1, Wa, W3, Ws, all in R”, such that Av; = vy, Avy = I +v1, Avz = —dvs, Avg = —Avy + v3,
wfA = MT, wfA =l + o, wIA = -], wfA = —dws +wj. We have wlv; = 0 if
ie{1,2},5 € {3,4} or i € {3,4},7 € {1,2} (different eigenvalues). Furthermore, we may assume
that wlv; = 0 if i = j and wfv; = 1if i # j and 4,5 correspond with the same eigenvalue.

By Proposition 11 24 ® I, has the linearly independent right singular vectors v A vz and
v1 AUs—vaAvs. Furthermore, v Avs is in the range of 2A®I,;; in fact, (2A®In)(%(v1 Avg+v2AV3)) =
vy A vs. Similar relations hold for (24 ® I,)T if we replace every v; by a w;.

Let us first determine the dimensions of the relevant manifolds. In the Jordan form of A a

diagonal block of the form

A1 0 0
050 -
00 0 =X
appears with real universal unfolding
A 1 0 0
oAt 00 (6.36)

0 0 b3  ~A+b4

For versality theory we refer to [1]; universality is understood with respect to the group of simi-
larity transformations. By the same argument as in Proposition 15 one proves that the system
(6:(A))1<i<4 has full rank 4. Furthermore, it is not hard to check that for matrices with a diagonal
block (6.36) the matrix 24 ® I, has rank defect 2 if and only if 63 = —6,,64 = —65. This proves
the assertion concerning the manifold with codimension 2.

Next, a matrix of the form (6.36) for which 24 © I, has rank defect 2 is either of type RT (if
6% + 46, < 0) or type DN (if 62 + 46; > 0) or type RDN (if 62 + 46, = 0).
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Since the system of three conditions for RDN (83 + 63 = 0, 63 + 64 = 0, 62 +46; = 0) has a
Jacobian with full rank 3 at the origin, the assertion concerning the manifold with codimension 3
follows.

We now turn to the regularity of the systems obtained by the bordered matrix methods. First
note that the columns of @ span the right singular space of 24 © I, i.e., the same space as
v, A vs and vy A vg — va A vs. Similarly, the columns of W span the same space as w; A wsz and
wy A wyq — we A ws.

By Lemma 1 and the relations between the vectors v,w we have for 1 < ¢,j < n that

(w1 A ’U)3)T(2Ai,j ® In)(vl A ’U3) =0 (637)

(’LU1 A U)3)T(2Ai,j ® In)(vl Avg—v2 A ’03) = W1;V1j — W3V3;. (638)

(w1 Awyg —wa A ’lU3)T(2A7;,j ® In)(vl A ’l)3) = Wy;V1; — W3;Vs;. (639)

(w1 Awg —wa A w3)T(2Ai,j ® In)('ul Avg — v A ’l)3) = —WyiVsj — W4V35 — WoiV1j — W3iV4y- (640)

Obviously these four gradient vectors span at most a two - dimensional space. Multiplying
(6.38) with vp; and summing over i we obtain —(w¥ve)vy; for all §; this implies that the gradient
vector in (6.38) is nonzero. On the other hand, multiplying it with v1; and summing over i we find
zero; multiplying (6.40) also with v1; and summing over 7 we obtain —wJvyvy; for all j; hence the
two gradient vectors in (6.38) and (6.40) are linearly independent and span a two - dimensional
space. So the equations corresponding to the second and fourth gradient vectors determine the
two - dimensional manifold of matrices that we are considering.

Now let us look at the resonance condition det(S;) = 0. We know already that S; has rank 1

at the resonant point. Set
s11 8
Sy = 11 S12
S21 822

We first consider the special case that s;g = 821 = S22 = 0. Then necessariliy s1; # 0 and
det,(S1) = s11(822),. Also,

(s22)s = —WHT (24: © L,)Q* - W (24, © 1)@} (6.41)

where the upper index 2 in each case indicates that we take the second column out of a matrix
with 2 columns. By the assumptions on S; we must necessarily have that

Q? = a1 Avg + Br(v1 Ava) 4+ ¥r(v2 Avs)

with 8, + v # 0 and
Q2 = (2A © In)Q% = (ﬂ'r + 'Yr)('vl A 'U3)-
W12 = aqwi A ws + Bi(wi A ws) + (w2 A ws)

with 8 + v # 0 and
W2 = (240 L,)TWE = (B + 1) (w1 Aws).

Comparing (6.41) with (6.37) through (6.40) we note that it is natural to rewrite Q? and W?
as
Q% = a,v1 Avs + Br(vi Avg — vz Avs) + (Br + ¥r)(v2 A v3)
W2 = aqywy Aws + Bi(wr Awa — wa Awsz) + (B + 1) (w2 Aws)

Inserting these expressions into (6.41) we obviously find a linear combination of the expressions
in (6.38) and (6.39) plus an additional nonzero multiple of

(’wz A ’wg)T(ZAi,j ® In)(’Ul A ’U3) + (U)l A 11)3)T(2Ai,j ®© In)(’Ug A ‘1)3) = 2w31-113j (642)
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By multiplying (6.38), (6.40) and (6.42) with v1; and vz; and summing over % it follows easily that
these gradient vectors are linearly independent, so the result follows under the assumptions we
made concerning Si.

In the general case there exists by the Jordan decomposition theorem a 2 X 2 nonsingular
matrix X such that S;; = X 151X has at resonance a nonzero element in the upper left entry

and zeroes everywhere else.
Now define By = BX,Cy=CX~T,D; = X"'DX. Then the matrix

240 I, BJ)
My =
d ( cT Dy

is obviously nonsingular and by trivial computations we find that

(MJ)z( XQ;; X ) = ( 13,2 )

in a neighborhood of the resonant matrix.

In this neigbborhood we have S;;(A) = XS;(A)X ™! and hence det(S1(A)) = det(S1s(4)).
So the result follows from the special case that we considered first.

This proves the case RDN. The case RDH is similar. Now consider the case BTN. There exist
a A > 0 and vectors vy, vg, U3, V4 and wy, wa, w3, wq in R™ such that Av; = 0, Avy = vy, Avs = Avs,
Avg = =g, wTA =0, wlA=wl, wlA=wj, w[A= —Mw}. We may assume that wlv; =0
for i,5 = 1,2,3,4 except for the cases wlivy = wivy = wivg = wivg = 1. The left singular
vectors of 24 ® I,, are the vectors w; A wy and ws Awgs. The right singular vectors are v; Avs and
V3 A vq.

The universal unfolding of the Jordan form now has the form

0 1 0 0

5 6 0 0

0 0 A+6 O (6.43)
0 0 0  —A+6s

For a matrix with a diagonal block (6.43) the bialternate product matrix has rank defect 2 if
and only if 6, = 63 + 64 = 0; this proves the claim concerning the codimension two manifold.
Furthermore, it is a BTN matrix if and only if §; = 62 = 63 + 64 = 0. This proves the claim
concerning the codimension three manifold.

Now we consider the regularity of the defining systems. By Lemma 1 and the relations between
the vectors v, w we have for 1 <14,j < n that

('w1 A 1U2)T(2Ai,j ® In)(v1 A ’Ug) = —Wa;V1j — Wi;V2; (6.44)

(w3 A ’U)4)T(2Ai,j ® In)(’U3 A U4) = W3;V3j + Wa;V4; (645)

The two other candidates for a gradient vector are zero. Furthermore, the gradient that corre-
sponds to the condition sf(A) = 0 is given by

—w] Ajjvr = —wv1; (6.46)

1t is easy to prove that the three gradient vectors with components given by (6.44) - (6.46) are
linearly independent (multiply successively with wyj, wz; and ws; and sum over j).

Finally, the case BTH is similar to BTN. B

Figure 1 presents the eight types of matrices described in Propositions 16 and 17 and their
possible interactions. As a typical application, one might compute a curve of points in a three
parameter problem, expressing the requirement that 2A® I, has rank defect 2. Then in the scheme
of Figure 1 we expect to move from each type to one of the two adjacent types, the types at the
corners generically being isolated points on the computed curve. The numbers between brackets
indicate the sizes of the Jordan blocks of 24 ® I,, for the zero eigenvalue.
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BTH (1,1) DH (1,1) RDH (1,3)

t

1o

EHN@LD | “ 1 RT (LY
4
BTN (1,1) DN (1,1) RDN (1,3)

Figure 1: 8 types of matrices A where 24 © I, has rank defect 2

We note that there are other matrices A for which the bialternate product has rank defect 2.
However, they have to lie on certain manifolds with codimension higher than 3 and the systems
that we obtained may not be regular in such points. For example, consider the case where A has
the eigenvalue 1 with algebraic multiplicity 2 and geometric multiplicity 1 and the eigenvalue —1
with algebraic multiplicity 3 and geometric multiplicity 1. Then by Proposition 11 24 © I, has
rank defect 2 and its square has rank defect 4. In the setting of the preceding methods we have
S = 8; = 0. So the gradient vector of det(S;) vanishes.
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